The fractional advection-dispersion equation (FADE) known as its non-local dispersion, is used in groundwater hydrology and has been proven to be a reliable tool to model the transport of passive tracers carried by fluid flow in a porous media. In this paper, compact structures of FADE are investigated by means of the homotopy perturbation method with consideration of a promising scheme to calculate nonlinear terms. The problems are formulated in the Jumarie sense. Analytical and numerical results are presented.
Introduction
The subject of fractional calculus (theory of integration and differentiation of an arbitrary order) was planted over 300 years ago. Recently, with the rapid development of science, researchers found that derivatives and integrals of non-integer order are very suitable for the description of various physical phenomena such as acoustics, control, continuum, damping law, edge detection, electromagnetism, hydrology, rheology, robotics, signal processing, thermal engineering, turbulence, viscoelasticity and many other problems [1] [2] [3] .
Our concern in this paper is to consider the analytical treatments of compact structures of fractional advection-dispersion equation, which are based on the Fick's law [4] [5] [6] [7] [8] . The fundamental solutions of the fractional advection-dispersion equation over time will be Gaussian densities with means and variances based on the values of the macroscopic transport coefficients. FADE has been recently treated by a number of authors. Huang et al. [5] used a finite element solution for the one-dimensional fractional flux advectiondispersion equation. El-Sayed et al. [6] considered the intermediate fractional advection-dispersion equation. Momani and Odibat [7] used variational iteration method and Adomian decomposition method to solve the space-time fractional advection-dispersion equation. Yildirim and Koçak [8] used homotopy perturbation technique in Caputo sense for solving the space-time fractional advection-dispersion equation. Benson et al. [9] considered space fractional advection-dispersion equation. They gave an analytical solution featuring the β-stable error function. Liu et al. [10] considered the time fractional advection-dispersion equation and the solution was obtained by using variable transformation, Mellin and Laplace transforms, and properties of H-functions. Huang and Liu [11] considered the space-time fractional advection-dispersion equation and the solution was obtained in terms of Green functions and the representations of the Green function by applying the Fourier-Laplace transforms.
Finding approximate or exact solutions of fractional differential equations is an important task. Except in a limited number of these equations, we have difficulty in finding their analytical solutions. Therefore, there have been attempts to develop new methods for obtaining analytical solutions which reasonably approximate the exact solutions. Recently, several such techniques have drawn special attention, such as Hirota's bilinear method [12] , the Adomian's decomposition method (ADM) [13] , the homogeneous balance method [14] , inverse scatting method [15] , the homotopy analysis method (HAM) [16] , the variational iteration method (VIM) [17] , parameter-expanding method [18] and differential transform method [19] .
During the last decade, a promising analytic technique called the homotopy perturbation method (HPM), has successfully been applied to solve many types of linear and nonlinear functional equations [20] . The
Background on fractional derivatives
There are several definitions for fractional differential equations. These definitions include GrunwaldLetnikov, Riemann-Liouville, Caputo, Weyl, Marchaud, and Riesz fractional derivatives. Recently, a new modification of Riemann-Liouville derivative is proposed by G. Jumarie [26] . It is well known that with the classical Riemann-Liouville definition of fractional derivative, the fractional derivative of a constant is not zero. The most useful alternative which has been proposed to cope with this feature is the so-called Caputo derivative [1] . With this definition, a fractional derivative would be defined for differentiable function only. In order to deal with non-differentiable functions, Jumarie proposed a modification of the RiemannLiouville definition which appears to provide a framework for a fractional calculus which is quite parallel with classical calculus [27] . This modification was successfully applied in the probability calculus, fractional Laplace problems, fractional variational equations and many other types of linear and nonlinear fractional differential equations [26] [27] [28] [29] [30] .
Basic definitions
This section deals with some preliminaries and notations regarding fractional calculus. For more details see [1, 26, 27] .
Definition 1.
A real function f (x), x > 0, is said to be in the space C α , α ∈ ℜ, if there exists a real number p (> α), such that f (x) = x p f 1 (x), where f 1 (x) ∈ C[0, ∞), and it is said to be in the space C 
where Γ(.) is the well-known Gamma function.
, denote a continues (but not necessarily differentiable) function, and let h > 0 denote a constant discretization span. Define the forward operator F W by the equality [27] 
then the fractional difference of order α, α ∈ ℜ, 0 < α < 1, of f (x) is defined by the expression
and its fractional derivative is
As a direct consequence, some properties of the Jumarie derivative are Definition 4. Assume that function f (x) in Definition (3) is not a constant, then its fractional derivative of order α is defined by the following expression [27] 
For positive α, one will set
and
Lemma 1. The integral with respect to (dx) α is defined by [26, 27] 
Lemma 3. The fractional integration by part formula is defined by [26, 27] 
The relation between fractional derivative and fractional integral
Theorem 2.2.1. Assume that the continues function f (x) has a fractional derivative of order 0 < α ≤ 1, then the following equality holds,
Proof. We have
Consequently,
HPM approach and fractional differential equations
Consider the following problem
A
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subject to the initial and boundary conditions [20, 21] 
where L is a linear operator while N is a nonlinear operator, υ is an arbitrary function, c (α) t denotes the fractional derivative in the Jumarie sense, e i are the specified initial conditions and B is a boundary operator.
In view of homotopy perturbation technique, we construct the following homotopy
or c
The homotopy parameter p always changes from zero to unity. In case p = 0, Eq. (16) or Eq. (17) becomes
where p = 1, Eq. (16) or Eq. (17) turns out to be the original fractional differential equation. Now, we use the homotopy parameter p to expand the solution in the following form
For nonlinear problems, let us set N c(χ, t) = S(χ, t). Substituting Eq. (19) into Eq. (17) or Eq. (16) and equating the terms with identical power of p, we can obtain a series of equations of the form
. . .
The functions S 0 , S 1 , S 2 ,· · · satisfy the following equation
where,
Consequently, we get an accurate approximation in the following form 
A reliable scheme to calculate nonlinear operators
To determine S j (j = 0, 1, · · · ) in Eq. (21) we use
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We aim to establish an effective way for calculating nonlinear operators. To achieve this, by using the algebraic and trigonometric identities and Taylor expansions we have  
It is to be noted that other terms can be generated in a similar manner. For further details see [34] .
Applications and results
In this section to demonstrate the effectiveness of our approach, we will implement HPM to construct solutions for compact structures of FADE. Here, we formulated the problems in terms of the Jumarie sense, which is defined as [26, 27] . The general response expression contains parameters describing the order of the fractional derivatives that can be varied to obtain various responses. In all cases, we select the initial solution as c 0 (χ, t) = c(χ, 0).
Classical advection-dispersion equation
Consider the following classical advection-dispersion equation [6]    ∂c(χ,t) ∂t
where c(χ, t) is the dissolved concentration, t is the duration of the contaminant evolving in space, χ is the spatial coordinate and P e is called Peclet number, which is a measure of the rate of transport by advection to the rate of transport by diffusion. A large Peclet number (P e > 100) indicates that the advection term dominates [6] . To solve Eq. (26) with the initial conditions, according to the homotopy perturbation method, we construct the following homotopy
By the same manipulation as in Section 3, we have
So, the jth-term has the following form
Hence, the solution c(χ, t) is
Remark 2. We have
Consequently, e −χ+( 
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Fractional advection-dispersion equation with α-stable density
Consider the following space-time-fractional advection-dispersion equation with initial conditions [7, 8] 
We construct the following homotopy
c(χ, 0) = sin χ.
As a direct consequence of Section 3, the first few terms of HPM series are derived as follows
which is exactly the same solution obtained in [7, 8] .
Figs. [1] [2] [3] show the approximate solutions of Eq. (32) obtained for different values of α using HPM. 
Convergence of the series solution
To demonstrate the convergence of the series solution, Eq. (35) can be written as
Now, consider the Mittag-Leffler function E α (z), with α ∈ ℜ, which is defined by the following series representation, valid in the whole complex plane [1]
Hence, |c j (χ, t)| , j = 1, 2, · · · , k is bounded by kth-term of Mittag-Leffler series. Consequently, the comparison test implies that the series ∞ i=0 c i converges.
Fractional flux advection-dispersion equation
Consider the following fractional flux advection-dispersion equation
where α is the order of the fractional derivatives, η is the skewness of the transport process, which control the bias of the dispersion, v and D are macroscopic transport coefficients. We construct the following homotopy
Hence, for j = 1, 2, · · · , we have
Consequently, the solution c(χ, t) is 
Intermediate fractional advection-dispersion equation
Recently, it has turned out that one of the main applications of differential equations involving derivatives of non-integer order is in the modeling of intermediate physical phenomena. Here, the order of fractional derivative in the Jumarie sense is applied to simulate the intermediate process between advection and dispersion. This order as a parameter of the model equation is used to transit between advection and dispersion [6] .
Consider the following fractional advection-dispersion equation [ 
where c is the concentration of contaminant, t is the duration of the contaminant evolving in space, χ is the spatial coordinate, α is the order of the fractional derivative, k is macroscopic transport coefficient. Following homotopy perturbation method, we have
where⌈.⌉ is the ceiling function. So, the solution is 
Experimental data and results
Now consider Figs. [7] [8] [9] , which are obtained using HPM for different values of α, when 0 ≤ χ ≤ 3 and t = 1. Our aim is to study the mathematical behavior of the solution c(χ, t) for different values of α. The analysis of the models reveals that (1). α is used to indicate the transition from advection (α = 1) to dispersion (α = 2). When α → 1, Eq. (42) is reduced to pure advection equation and while, as α → 2, Eq. (42), is reduced to pure diffusion equation. Moreover, as 1 < α < 2 the intermediate process between advection and dispersion is obtained. (2) . By considering these figures, the stability and convergence of the method for specific α is apparent. It should be pointed out that the response and stability of FADE in general can also be studied in a similar way. For further information see [35] . The CPU time used ( * ) for (32) 
Discussions and conclusions
In this study, we developed a HPM scheme to solve the FADE based on the Jumarie derivative. This derivative is close to the standard definition of derivative and can also be applied for non differentiable functions. The convergence of the HPM solution was examined. The tests we have performed to evaluate the performances of the proposed analytical approach are encouraging. The series expansions given by Eqs. (30) , (35) , (41) and (44) are rapidly convergent. Moreover, results show that the proposed HPM solution are stable.
We point out that the corresponding analytical and numerical solutions are obtained using Mathematica.
